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VOLUME COMPARISON WITH RESPECT TO SCALAR CURVATURE
WEI YUAN
Abstract. In this article, we investigate the volume comparison with respect to scalar cur-
vature. In particular, we show volume comparison hold for small geodesic balls of metrics
near V -static metrics. As for global results, we give volume comparison for metrics near
Einstein metrics with certain restrictions. As an application, we recover a volume compar-
ison result of compact hyperbolic manifolds due to Besson-Courtois-Gallot, which provides
a partial answer to a conjecture of Schoen on volume of hyperbolic manifolds.
1. Introduction
Volume comparison is a fundamental result in Riemannian geometry. It is a very powerful
tool in geometric analysis and being used frequently in solving many problems.
Generically speaking, scalar curvature is not sufficient in controlling the volume. This is
not possible even for compactly supported deformations of a generic domain which increases
scalar curvature strictly inside due to a result of Corvino, Eichmair and Miao ([7]). In order
to state their result, we need the following fundamental concept, which was introduced by
Miao and Tam in [10]:
Definition. Let (M, g¯) be a Riemannian manifold. We say g¯ is a V -static metric if there is
a smooth function f and a κ ∈ R solves the following V -static equation:
γ∗g¯f = ∇
2
g¯f − g¯∆g¯f − fRicg¯ = κg¯,(1.1)
where γ∗g¯ : C
∞(M) → S2(M) is the formal L
2-adjoint of γg¯ := DRg¯, the linearization of
scalar curvature at g¯. We will also refer a quadruple (M, g¯, f, κ) as a V -static space.
Remark 1.1. An essential property of a V -static metric is that its scalar curvature Rg¯ is a
constant (see Proposition 2.1 in [7]). Another one is that f also satisfies the linear equation
∆g¯f +
Rg¯
n− 1
f +
nκ
n− 1
= 0,(1.2)
which can be derived easily by taking the trace of equation (1.1).
Typical examples of V -static metrics are space forms. In fact, the classification problem
for V -static metrics is very interesting and important in understanding the interplay between
scalar curvature and volume. For more results, please refer to [1, 2, 7, 10, 11].
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Now we state the deformation result with respect to scalar curvature and volume. Note
that the original statement is much more stronger, but we adapt it here for our purpose.
Theorem (Corvino-Eichmair-Miao [7]). Let (M, g¯) be a Riemannian manifold and Ω ⊂ M
be a pre-compact domain with smooth boundary. Suppose (Ω, g¯) is not V -static, i.e the
V -static equation (1.1) only admits trivial solutions in C∞(Ω) × R. Then there exists an
δ0 > 0 such that for any (ρ, V ) ∈ C
∞(M)× R with supp(Rg¯ − ρ) ⊂ Ω and
||Rg¯ − ρ||C1(Ω,g¯) + |V olΩ(g¯)− V | < δ0,
there exists a metric g on M such that supp(g − g¯) ⊂ Ω, Rg = ρ and V olΩ(g) = V .
This deformation result suggests that for a non-V -static domain, the information of scalar
curvature is not sufficient in giving volume comparison not even after fixing the geometry
outside. To be precise, we can take ρ > Rg¯ inside Ω and either V > V olΩ(g) or V < V olΩ(g).
In either case, we can find a metric g realizing (ρ, V ) on Ω and this shows that no volume
comparison holds in this case.
However, the volume comparison can be obtained for some special metrics. For instance,
Miao and Tam proved a rigidity result for upper hemisphere with respect to non-decreasing
scalar curvature and volume (see [11]). In the same article, they also showed a similar result
holds for the Euclidean background metric.
Note that all space forms are V -static, it is natural to ask that whether all V -static metric
support such a volume comparison result. Inspired by the work of Brendle and Marques on
rigidity of geodesic balls in upper hemisphere (see [5]) and related work due to Miao and
Tam (cf. [11]), we can show this is actually true. To be precise, we obtained the following
result:
Theorem A. For n ≥ 3, suppose (Mn, g¯, f, κ) is a V -static space. For any p ∈ M with
f(p) > 0, there exist constants r0 > 0 and ε0 > 0 such that for any geodesic ball Br(p) ⊂M
with radius 0 < r < r0 and metric g on Br(p) satisfies
• Rg ≥ Rg¯ in Br(p)
• Hg ≥ Hg¯ on ∂Br(p)
• g and g¯ induce the same metric on ∂Br(p)
• ||g − g¯||C2(Br(p),g¯) < ε0,
the following volume comparison hold:
• if κ < 0, then
V olΩ(g) ≤ V olΩ(g¯);
• if κ > 0, then
V olΩ(g) ≥ V olΩ(g¯);
with equality holds in either case if and only if the metric g is isometric to g¯.
Remark 1.2. By replacing (f, κ) with (−f,−κ), we only need to consider the case f(p) > 0.
Remark 1.3. If κ = 0, V -static metrics reduce to vacuum static metrics. Under same as-
sumptions on g, Qing and the author showed that g is isometric to g¯ (see [14]). This rigidity
result suggests that the borderline case κ = 0 is not necessary to be considered. On the other
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hand, we can view this volume comparison theorem as an extension of the rigidity result of
vacuum static metrics in [14].
In general, the function f may change its sign in large scale. Thus we do not expect
the volume comparison still holds for generically large domains. However, in some special
situations, we can get global volume comparison. For example, we proved the following
volume comparison result for closed non-Ricci flat Einstein manifolds. Here throughout this
article, we refer a manifold to be closed, if it is compact without boundary.
Theorem B. Suppose (M, g¯) is a closed Einstein manifold satisfies
Ricg¯ = (n− 1)λg¯
with λ 6= 0. Moreover, if λ < 0, we assume its Weyl tensor satisfies
||W ||L∞(M,g¯) < α(n, λ) := −(3n− 4)λ.
Then there exists a constant ε0 > 0 such that for any metric g on M satisfies
Rg ≥ n(n− 1)λ
and
||g − g¯||C2(M,g¯) < ε0,
the following volume comparison hold:
• if λ > 0, then
V olM(g) ≤ V olM(g¯);
• if λ < 0, then
V olM(g) ≥ V olM(g¯);
with equality holds in either case if and only if the metric g is isometric to g¯.
Remark 1.4. This volume comparison does not hold for Ricci flat metrics. This is easy to see
by taking g := cg¯ for a constant c > 0. Clearly, the scalar curvature Rg = Rg¯ = 0, but the
volume V olM(g) can be either larger or smaller than V olM(g¯) depending on c < 1 or c > 1.
As a special case of positive Einstein manifolds, we achieve the volume comparison for
round spheres Sn:
Corollary A. For n ≥ 3, let (Sn, gSn) be the unit round sphere. There exists a constant
ε0 > 0 such that for any metric g on S
n with
Rg ≥ n(n− 1)
and
||g − g¯||C2(Sn,gSn) < ε0,
we have
V olSn(g) ≤ V olSn(gSn)
with equality holds if and only if the metric g is isometric to g¯.
Remark 1.5. The closeness of the metric g to g¯ is necessary. For example, Corvino, Eichmair
and Miao constructed a metric on upper hemisphere satisfies the scalar comparison but has
arbitrarily large volume (see Proposition 6.2 in [7]). In fact, by gluing a lower hemisphere,
we can get a metric on the whole sphere with scalar curvature no less than n(n− 1) but has
larger volume.
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Unlike the situation of round sphere, it is conjectured that volume comparison hold for
closed hyperbolic manifolds regardless of the distance between g and the hyperbolic metric g¯.
This is in fact equivalent to say that the Yamabe invariant of a compact hyperbolic manifold
is achieved by its hyperbolic metric, which is conjectured to be true by Schoen (cf. [15]),
thus it is also referred as Schoen’s conjecture:
Schoen’s Conjecture. For n ≥ 3, let (Mn, g¯) be a closed hyperbolic manifold. Then for
any metric g on M with
Rg ≥ Rg¯,
we have the volume comparison
V olM(g) ≥ V olM(g¯).
This conjecture can be shown to be true for three dimensional hyperbolic manifolds due to
works of Perelman about geometrization of 3-manifolds ([12, 13]). For higher dimensions, by
studying the minimal entropy of compact hyperbolic manifolds, Besson, Courtois and Gal-
lot verified the conjecture for metrics C2-closed to the hyperbolic one (cf. [3]). For global
results in the sense of space of all metrics, they proved the volume comparison by replacing
the assumption on scalar curvature with Ricci curvature (see [4]). However the original con-
jecture in higher dimensions is still open so far. As an application of our volume comparison
result on negative Einstein manifolds, we can recover the local volume comparison result for
compact hyperbolic manifolds in [3]:
Corollary B. For n ≥ 3, let (Mn, g¯) be a closed hyperbolic manifold. There exists a
constant ε0 > 0 such that for any metric g on M with
Rg ≥ Rg¯
and
||g − g¯||C2(M,g¯) < ε0,
we have
V olM(g) ≥ V olM(g¯)
with equality holds if and only if the metric g is isometric to g¯.
Acknowledgement. The author would like to express his appreciations to Professor Miao
Pengzi for suggesting this interesting problem. The author also would like to thank Profes-
sors Chen Bing-Long, Qing Jie and Zhang Hui-Chun, Dr. Hu Xue and Dr. Lin Yueh-Ju for
their interests in this problem and inspiring discussions. In particular, the author would like
to thank Professor Zhang Hui-Chun for pointing out the work [3] and many other valuable
comments.
2. Volume comparison for V -static spaces
In this section, we will investigate the volume comparison for geodesic balls in generic V -
static spaces. The proof follows from an adapted idea inspired by [5], thus some calculations
are similar to [5, 9, 11, 14]. It would be interesting for readers to compare the original idea
and this adapted one.
4
First we recall the following well-known formulae for variations of scalar curvature (cf.
[9]). For detailed calculations, please refer to [16].
Lemma 2.1. Let h be a symmetric 2-tensor. The first variation of scalar curvature is
DRg¯ · h = −∆g¯(trg¯h) + δ
2
g¯h−Ricg¯ · h,(2.1)
and the second variation is given by
D2Rg¯ · (h, h) = −2γg¯(h
2)−∆g¯(|h|
2
g¯)−
1
2
|∇g¯h|
2
g¯ −
1
2
|d(trg¯h)|
2
g¯(2.2)
+ 2〈h,∇2g¯(trg¯h)〉g¯ − 2〈δg¯h, d(trg¯h)〉g¯ +∇αhβγ∇
βhαγ ,
where (h2)αβ = g¯
γδhαγhδβ and (δg¯h)β = −∇
αhαβ is the formal L
2-adjoint of the covariant
differentiation ∇g¯. Here α, β, γ, δ = 1, 2, · · · , n.
Now for simplicity, we will omit subscriptions g¯ and do all calculations under the metric
g¯ unless we point it out in particular. We also make conventions that greek indices run
through 1, 2, · · · , n and latin indices run through 1, 2, · · · , n− 1.
We denote Σ := ∂Ω to be the boundary of a pre-compact domain Ω. Let {e1, · · · , en−1, en =
ν¯} be an orthonormal frame on Σ such that ei is tangent to Σ and ν¯ is the outward normal
vector field of Σ with respect to the metric g¯. We also denote the induced connection on
Σ by ∇Σ. From now on, we assume that h|TΣ = 0. That means, hij = 0 on Σ for any
i, j ∈ {1, 2, · · · , n− 1}.
The following variations formulae for mean curvature play an important role in our argu-
ment:
Lemma 2.2 (Brendle and Marques [5]). Suppose h|TΣ = 0, then
DHg¯ · h =
1
2
hnnHg¯ −∇ih
i
n +
1
2
∇nh
i
i(2.3)
and
D2Hg¯ · (h, h) =
(
−
1
4
h2nn +
n−1∑
i=1
h2in
)
Hg¯ + hnn
(
∇ih
i
n −
1
2
∇nh
i
i
)
.(2.4)
The last one we need is variations formulae for the volume functional:
Lemma 2.3. For any h ∈ S2(Ω), we have
DV olΩ,g¯ · h =
1
2
∫
Ω
(trh)dvg¯(2.5)
and
D2V olΩ,g¯ · (h, h) =
1
4
∫
Ω
[
(trh)2 − 2|h|2
]
dvg¯.(2.6)
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Proof. We recall the following fact from linear algebra first:
Let A be an n× n symmetric matrix, then the characteristic polynomial of A is given by
pA(λ) = det(λI − A)
=
n∑
k=0
(−1)kσk(A)λ
n−k
= λn − (trA)λn−1 +
1
2
((trA)2 − trA2)λn−2 +
n∑
k=3
(−1)kσk(A)λ
n−k,
where σk(A) is the k
th-elementary polynomial associated to eigenvalues of the matrix A.
Choose a normal coordinates around any x ∈ Ω with respect to g¯, then the metric g¯ is the
identity matrix at x. From the linear algebra fact above, we have the expansion
det(g¯ + h) = 1 + (trh) +
1
2
((trh)2 − |h|2) +O(|h|3)
and hence √
det(g¯ + h) = 1 +
1
2
(trh) +
1
8
((trh)2 − 2|h|2) +O(|h|3).
Therefore,
DV olΩ,g¯ · h =
1
2
∫
Ω
(trh)dvg¯
and
D2V olΩ,g¯ · (h, h) =
1
4
∫
Ω
(
(trh)2 − 2|h|2
)
dvg¯.

Let (Ω, g¯, f) be a V -static space. We consider the functional
FΩ,g¯[g] =
∫
Ω
R(g)fdvg¯ + 2
∫
Σ
H(g)fdσg¯ − 2κV olΩ(g).(2.7)
This functional is designed particularly for V -static metrics, since these metrics can be
characterized as its critical points.
Proposition 2.4. The metric g¯ is a critical point of the functional FΩ,g¯[g].
Proof. Applying lemma 2.1 and integrating by parts, we have∫
Ω
(DRg¯ · h) fdvg¯ =
∫
Ω
(γg¯h)fdvg¯
=
∫
Ω
(
−∆(trh) + δ2h− Ric · h
)
fdvg¯
=
∫
Ω
〈h, γ∗g¯f〉dvg¯ +
∫
Σ
[−(∂ν¯(trh) + 〈δh, ν¯〉)f + (trh)∂ν¯f − h(ν¯,∇f)] dσg¯
=
∫
Ω
〈h, γ∗g¯f〉dvg¯ +
∫
Σ
[
−(∂n(trh) + (δh)n)f − h
i
n ∂if
]
dσg¯,
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where we used the fact trh = hnn on Σ for the last step. Thus, together with Lemmas 2.2
and 2.3,
DFΩ,g¯ · h =
∫
Ω
(DRg¯ · h)fdvg¯ + 2
∫
Σ
(DHg¯ · h)fdσg¯ − 2κ (DV olΩ,g¯ · h)
=
∫
Ω
[
〈h, γ∗g¯f〉 − κ(trh)
]
dvg¯
+
∫
Σ
[
−(∂n(trh) + (δh)n + 2∇ih
i
n −∇nh
i
i − hnnHg¯)f − h
i
n ∂if
]
dσg¯.
On the other hand,
∇ih
i
n = ∂ih
i
n + Γ
i
iαh
α
n − Γ
α
inh
i
α = ∇
Σ
i h
i
n +Hg¯hnn
thus
(δh)n = −∇αh
α
n = −∇
Σ
i h
i
n −∇nhnn −Hg¯hnn.
Therefore, we have
DFΩ,g¯ · h =
∫
Ω
〈h, γ∗g¯f − κg¯〉dvg¯ −
∫
Σ
[
∇Σi h
i
n f + h
i
n ∂if
]
dσg¯ = −
∫
Σ
∇Σi (h
i
n f)dσg¯ = 0.
i.e. g¯ is a critical point of FΩ,g¯[g]. 
When dealing with a geometric problem, it is important to consider actions of diffeomor-
phism group. In order to fix this gauge, we need the following slice lemma proved in [5],
which is a generalization of the well-known Ebin’s Slice Lemma (see [8]):
Lemma 2.5. ([5, Proposition 11]) Suppose that Ω is a domain in a Riemannian manifold
(Mn, g¯). Fix a real number p > n, there exists an ε > 0, such that for a metric g on Ω with
||g − g¯||W 2,p(Ω,g¯) < ε,
there exists a diffeomorphism ϕ : Ω→ Ω such that ϕ|
∂Ω
= id and h = ϕ∗g − g¯ is divergence-
free in Ω with respect to g¯. Moreover,
||h||W 2,p(Ω,g¯) ≤ N ||g − g¯||W 2,p(Ω,g¯),
for some constant N > 0 that only depends on Ω.
From now on, we assume g is C2-closed to g¯. Thus by Lemma 2.5, there is a diffeomorphism
ϕ : Ω→ Ω such that ϕ|
∂Ω
= id and
δg¯h = 0,
where h = ϕ∗g − g¯. Easy to see, h|TΣ = 0.
Furthermore, we assume the metric g satisfies that
• Rg ≥ Rg¯;
• Hg ≥ Hg¯.
Since Rg¯ is a constant on Ω and ϕ|∂Ω = id, these assumptions can be preserved under the
diffeomorphism ϕ. That is,
• Rϕ∗g = Rg ◦ ϕ ≥ Rg¯;
• Hϕ∗g = Hg ◦ ϕ = Hg ≥ Hg¯.
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By considering expansions of scalar curvature and mean curvature at g¯, we get
Rϕ∗g =Rg¯ +DRg¯ · h+
1
2
D2Rg¯ · (h, h) + Eg¯(h)(2.8)
and
Hϕ∗g = Hg¯ +DHg¯ · h+
1
2
D2Hg¯ · (h, h) + Fg¯(h).(2.9)
Here
|Eg¯(h)| ≤ C
∫
Ω
|h|
(
|∇h|2 + |h|2
)
dvg¯
and
|Fg¯(h)| ≤ C
∫
Σ
|h|2 (|∇h|+ |h|) dσg¯
for some positive constant C = C(Ω, g¯).
By Proposition 2.4,
DFΩ,g¯ · h =
∫
Ω
(DRg¯ · h)fdvg¯ + 2
∫
Σ
(DHg¯ · h)fdσg¯ − 2κ (DV olΩ,g¯ · h) = 0.
Thus, if we assume
κ(V olΩ(g)− V olΩ(g¯)) ≤ 0,(2.10)
then together with assumptions Rg ≥ Rg¯ on Ω and Hg ≥ Hg¯ on Σ, we get
DRg¯ · h = γg¯h = 0
and
DHg¯ · h = 0.
That is,
∆(trh) +Ric · h = 0(2.11)
and
hnnHg¯ − 2∇ih
i
n +∇nh
i
i = 0,(2.12)
where we used the gauge fixing condition δh = 0 for the first equation.
For simplicity, we use notations 〈Rmg¯·h, h〉 := Rαβγδh
αδhβγ and 〈Wg¯·h, h〉 := Wαβγδh
αδhβγ .
Lemma 2.6. Assume δh = 0 and DHg¯ · h = 0, then∫
Ω
(
D2Rg¯ · (h, h)
)
fdvg¯
=−
1
2
∫
Ω
[(
|∇h|2 + |d(trh)|2 − 2Rg¯(h, h)
)
f + 2κ
(
|h|2 +
2
n− 1
(trh)2
)]
dvg¯
−
∫
Σ
[(
Aijhinhjn +
(
h2nn + 3
n−1∑
i=1
h2in
)
Hg¯
)
f +
(
2h2nn +
n−1∑
i=1
h2in
)
∂nf + 2hnn
n−1∑
i=1
hin∂if
]
dσg¯,
where
Rg¯(h, h) := 〈Rmg¯ · h, h〉+ 2(trh)Ricg¯ · h−
2Rg¯
n− 1
(trh)2
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and Aij =
1
2
∂ν¯ g¯ij is the second fundamental form of Σ with respect to g¯.
Proof. Applying Lemma 2.1 with δh = 0, we have∫
Ω
(
D2Rg¯ · (h, h)
)
fdvg¯
=
∫
Ω
[
−2γg¯(h
2)−∆(|h|2)−
1
2
|∇h|2 −
1
2
|d(trh)|2g¯ + 2〈h,∇
2(trh)〉+∇αhβγ∇
βhαγ
]
fdvg¯.
From integration by parts, we have
− 2
∫
Ω
(γg¯(h
2))fdvg¯
=− 2
∫
Ω
(−∆(tr(h2)) + δ2(h2)− Ric · h2)fdvg¯
=− 2
∫
Ω
〈h2, γ∗g¯f〉dvg¯ − 2
∫
Σ
[
−(∂ν¯(tr(h
2)) + 〈δ(h2), ν¯〉)f + (tr(h2))∂ν¯f − h
2(ν¯,∇f)
]
dσg¯
=− 2
∫
Ω
〈h2, γ∗g¯f〉dvg¯ + 2
∫
Σ
[
(∂ν¯(|h|
2) + 〈δ(h2), ν¯〉)f + h2(ν¯,∇f)− |h|2∂ν¯f
]
dσg¯.
Similarly,
−
∫
Ω
f∆(|h|2)dvg¯ = −
∫
Ω
|h|2∆fdvg¯ −
∫
Σ
[
f∂ν¯(|h|
2)− |h|2∂ν¯f
]
dσg¯
and
2
∫
Ω
〈h,∇2(trh)〉fdvg¯
=2
∫
Ω
[〈δh, d(trh)〉f − h(∇(trh),∇f)] dvg¯ + 2
∫
Σ
h(ν¯,∇(trh))fdσg¯
=2
∫
Ω
[
〈δh, d(trh)〉f + (trh)(〈δh, df〉+ 〈h,∇2f〉)
]
dvg¯ + 2
∫
Σ
[h(ν¯,∇(trh))f − (trh)h(ν¯,∇f)]dσg¯
=2
∫
Ω
(trh)〈h, γ∗g¯f + g¯∆f + fRic〉dvg¯ + 2
∫
Σ
[h(ν¯,∇(trh))f − (trh)h(ν¯,∇f)] dσg¯.
The last one is∫
Ω
[
∇αhβγ∇
βhαγ
]
fdvg¯
=−
∫
Ω
hβγ [∇α∇βh
αγf +∇βh
αγ∇αf ] dvg¯ +
∫
Σ
[
hβγ∇
βhαγ ν¯α
]
fdσg¯
=−
∫
Ω
hβγ
[
(∇β∇αh
αγ +Rααβδh
δγ +Rγαβδh
αδ)f +∇βh
αγ∇αf
]
dvg¯ +
∫
Σ
[
hβγ∇
βhαγ ν¯α
]
fdσg¯
=−
∫
Ω
[
(hβγ∇β∇αh
αγ +Rβδh
δγhβγ − Rαβγδh
αδhβγ)f + hβγ∇βh
αγ∇αf
]
dvg¯ +
∫
Σ
[
hβγ∇
βhαγ ν¯α
]
fdσg¯
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=−
∫
Ω
[
−∇βh
β
γ∇αh
αγf − 2hβγ∇αh
αγ∇βf − h
β
γh
αγ∇β∇αf + (〈Ric, h
2〉 − 〈Rm · h, h〉)f
]
dvg¯
+
∫
Σ
[
(hβγ∇
βhαγ ν¯α − h
β
γ ν¯β∇αh
αγ)f − hβγh
αγ ν¯β∇αf
]
dσg¯
=
∫
Ω
[
(δh)2f − 2h(δh, df) + 〈∇2f, h2〉 − (〈Ric, h2〉 − 〈Rm · h, h〉)f
]
dvg¯
+
∫
Σ
[
(−〈δ(h2), ν¯〉+ 2h(ν¯, δh))f − h2(ν¯,∇f)
]
dσg¯
=
∫
Ω
[
(δh)2f − 2h(δh, df) + 〈∇2f − fRic, h2〉+ 〈Rm · h, h〉f
]
dvg¯
−
∫
Σ
[
(〈δ(h2), ν¯〉 − 2h(ν¯, δh))f + h2(ν¯,∇f)
]
dσg¯
=
∫
Ω
[
〈γ∗g¯f + g¯∆f, h
2〉+ 〈Rm · h, h〉f
]
dvg¯ −
∫
Σ
[
〈δ(h2), ν¯〉f + h2(ν¯,∇f)
]
dσg¯.
Combining them, we get∫
Ω
(
D2Rg¯ · (h, h)
)
fdvg¯
=−
1
2
∫
Ω
[(
|∇h|2 + |d(trh)|2 − 2〈Rm · h, h〉
)
f − 4(trh)〈γ∗g¯f + g¯∆f + fRic, h〉+ 2〈γ
∗
g¯f, h
2〉
]
dvg¯
+
∫
Σ
[(
∂ν¯(|h|
2) + 〈δ(h2), ν¯〉+ 2h(∇(trh), ν¯)
)
f − |h|2∂ν¯f + h
2(ν¯,∇f)− 2(trh)h(ν¯,∇f)
]
dσg¯
=−
1
2
∫
Ω
[
|∇h|2 + |d(trh)|2 − 2〈Rm · h, h〉 − 4(trh)Ric · h +
4Rg¯
n− 1
(trh)2
]
fdvg¯
−
2κ
n− 1
∫
Ω
(
n− 1
2
|h|2 + (trh)2
)
dvg¯
+
∫
Σ
[(
∂ν¯(|h|
2) + 〈δ(h2), ν¯〉+ 2h(∇(trh), ν¯)
)
f − |h|2∂ν¯f + h
2(ν¯,∇f)− 2(trh)h(ν¯,∇f)
]
dσg¯,
where we used the V -static equation (1.1) and its trace equation (1.2). That is,∫
Ω
(
D2Rg¯ · (h, h)
)
fdvg¯
=−
1
2
∫
Ω
[(
|∇h|2 + |d(trh)|2 − 2Rg¯(h, h)
)
f + 2κ
(
|h|2 +
2
n− 1
(trh)2
)]
dvg¯
+
∫
Σ
[(
∂ν¯(|h|
2) + 〈δ(h2), ν¯〉+ 2h(∇(trh), ν¯)
)
f − |h|2∂ν¯f + h
2(ν¯,∇f)− 2(trh)h(ν¯,∇f)
]
dσg¯,
where we denote
Rg¯(h, h) := 〈Rmg¯ · h, h〉+ 2(trh)Ricg¯ · h−
2Rg¯
n− 1
(trh)2.
Now we rewrite the boundary integral in terms of the special orthonormal frame adapted
to the boundary.
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Since
δh = 0
and
hij = 0, i, j = 1, · · · , n− 1
then
〈δ(h2), ν¯〉 = (δ(h2))n = −∇α(h
α
β h
β
n ) = −h
α
β ∇αh
β
n = −hnn∇nhnn − h
i
n∇ihnn − h
i
n∇nhin
and
∂ν¯(|h|
2) = ∇n(|h|
2) = 2hnn∇nhnn + 4h
i
n∇nhin
on Σ. Thus we have
∂ν¯(|h|
2) + 〈δ(h2), ν¯〉+ 2h(∇(trh), ν¯)
=hnn∇nhnn + 3h
i
n∇nhin − h
i
n∇ihnn + 2hnn∇n(trh) + 2h
i
n∇i(trh)
=3hnn∇nhnn + 3h
i
n∇nhin − h
i
n∇ihnn + 2hnn∇nh
i
i + 2h
i
n∇
Σ
i hnn
=− 3hnn∇ih
i
n − 3h
i
n∇jh
j
i − h
i
n∇ihnn + 2hnn∇nh
i
i + 2h
i
n∇
Σ
i hnn,
where we used the fact
∇nhnα = −(δh)α −∇ih
i
α = −∇ih
i
α .
Moreover, since
∇jh
j
i = ∂jh
j
i + Γ
j
jαh
α
i − Γ
α
jih
j
α = Aijh
j
n +Hg¯hin
and
∇ihnn = ∂ihnn − 2Γ
α
inhαn = ∇
Σ
i hnn − 2Aijh
j
n ,
we obtain
∂ν¯(|h|
2) + 〈δ(h2), ν¯〉+ 2h(∇(trh), ν¯)
=− Aijhinhjn − 3Hg¯
n−1∑
i=1
h2in + h
i
n∇
Σ
i hnn − 3hnn∇ih
i
n + 2hnn∇nh
i
i .
On the other hand,
− |h|2∂ν¯f + h
2(ν¯,∇f)− 2(trh)h(ν¯,∇f)
=−
(
2h2nn +
n−1∑
i=1
h2in
)
∂nf − hnn
n−1∑
i=1
hin∂if.
Hence using integration by parts,∫
Σ
[(
∂ν¯(|h|
2) + 〈δ(h2), ν¯〉+ 2h(∇(trh), ν¯)
)
f − |h|2∂ν¯f + h
2(ν¯,∇f)− 2(trh)h(ν¯,∇f)
]
dσg¯
=
∫
Σ
[(
−Aijhinhjn − 3Hg¯
n−1∑
i=1
h2in
)
f −
(
2h2nn +
n−1∑
i=1
h2in
)
∂nf − 2hnn
n−1∑
i=1
hin∂if
]
dσg¯
+
∫
Σ
(
−hnn∇
Σ
i h
i
n − 3hnn∇ih
i
n + 2hnn∇nh
i
i
)
fdσg¯.
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Note that
∇ih
i
n = ∂ih
i
n + Γ
i
iαh
α
n − Γ
α
inh
i
α = ∇
Σ
i h
i
n +Hg¯hnn
and applying equation (2.12), we get∫
Σ
(
−hnn∇
Σ
i h
i
n − 3hnn∇ih
i
n + 2hnn∇nh
i
i
)
fdσg¯
=
∫
Σ
(
−4∇ih
i
n + 2∇nh
i
i +Hg¯hnn
)
hnnfdσg¯
=−
∫
Σ
Hg¯h
2
nnfdσg¯.
Combining all these calculations, we have∫
Ω
(
D2Rg¯ · (h, h)
)
fdvg¯
=−
1
2
∫
Ω
[(
|∇h|2 + |d(trh)|2 − 2Rg¯(h, h)
)
f + 2κ
(
|h|2 +
2
n− 1
(trh)2
)]
dvg¯
−
∫
Σ
[(
Aijhinhjn +
(
h2nn + 3
n−1∑
i=1
h2in
)
Hg¯
)
f +
(
2h2nn +
n−1∑
i=1
h2in
)
∂nf + 2hnn
n−1∑
i=1
hin∂if
]
dσg¯.

Lemma 2.7. Suppose DHg¯ · h = 0, then we have∫
Σ
(
D2Hg¯ · (h, h)
)
fdσg¯ =
∫
Σ
(
1
4
h2nn +
n−1∑
i=1
h2in
)
Hg¯fdσg¯.
Proof. By Lemma 2.2 and equation (2.12),∫
Σ
(D2Hg¯ · (h, h))fdσg¯
=
∫
Σ
[(
−
1
4
h2nn +
n−1∑
i=1
h2in
)
Hg¯ + hnn
(
∇ih
i
n −
1
2
∇nh
i
i
)]
fdσg¯
=
∫
Σ
[(
−
1
4
h2nn +
n−1∑
i=1
h2in
)
Hg¯ +
1
2
h2nnHg¯
]
fdσg¯
=
∫
Σ
(
1
4
h2nn +
n−1∑
i=1
h2in
)
Hg¯fdσg¯.

Combining Lemmas 2.3, 2.6 and 2.7, we get the second variation of the functional FΩ,g¯
at metric g¯.
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Proposition 2.8. Assume δh = 0 and DHg¯ · h = 0, then
D2FΩ,g¯ · (h, h)
=−
1
2
∫
Ω
[(
|∇h|2 + |d(trh)|2 − 2Rg¯(h, h)
)
f +
n+ 3
n− 1
(trh)2κ
]
dvg¯
−
∫
Σ
[(
Aijhinhjn +
(
1
2
h2nn +
n−1∑
i=1
h2in
)
Hg¯
)
f +
(
2h2nn +
n−1∑
i=1
h2in
)
∂nf + 2hnn
n−1∑
i=1
hin∂if
]
dσg¯.
Denote
IΩ := −
1
2
∫
Ω
[(
|∇h|2 + |d(trh)|2 − 2Rg¯(h, h)
)
f +
n + 3
n− 1
(trh)2κ
]
dvg¯
and
IΣ := −
∫
Σ
[(
Aijhinhjn +
(
n−1∑
i=1
h2in +
1
2
h2nn
)
Hg¯
)
f +
(
2h2nn +
n−1∑
i=1
h2in
)
∂nf + 2hnn
n−1∑
i=1
hin∂if
]
dσg¯.
Now we take Ω to be a geodesic ball Br(p) centered at p with radius r > 0. By continuity,
we can choose a constant r1 > 0 such that f(x) > 0 for any x ∈ Br(p), since f(p) > 0.
We will show the non-positivity of I∂Br(p) and IBr(p) for r sufficiently small.
Lemma 2.9. There exists a constant r2 < r1 such that for any 0 < r < r2,
I∂Br(p) ≤ 0.(2.13)
Proof. For a geodesic ball Br(p) with r > 0 small, we have
Aij =
1
r
g¯ij +O(r)
and
Hg¯ =
n− 1
r
+O(r).
Then
I∂Br(p)
=−
∫
∂Br(p)
[(
Aijhinhjn +
(
1
2
h2nn +
n−1∑
i=1
h2in
)
Hg¯
)
f +
(
2h2nn +
n−1∑
i=1
h2in
)
∂nf + 2hnn
n−1∑
i=1
hin∂if
]
dσg¯
=−
∫
∂Br(p)
[
1
2r
(
(n− 1)h2nn + 2n
n−1∑
i=1
h2in
)
f +
(
2h2nn +
n−1∑
i=1
h2in
)
∂nf + 2hnn
n−1∑
i=1
hin∂if
]
dσg¯
+O(r) ·
∫
∂Br(p)
|h|2dσg¯
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≤−
∫
∂Br(p)
[
1
2r
(
(n− 1)h2nn + 2n
n−1∑
i=1
h2in
)
f −
(
3h2nn + n
n−1∑
i=1
h2in
)
|∇f |
]
dσg¯ +O(r||h||
2
L2(∂Br(p),g¯)
)
=−
∫
∂Br(p)
[(
n− 1
2r
− 3
|∇f |
f
)
h2nn + n
(
1
r
−
|∇f |
f
) n−1∑
i=1
h2in
]
fdσg¯ +O(r||h||
2
L2(∂Br(p),g¯)
).
Since f(p) > 0 and |∇f | is bounded on Br(p) for any r < r1, we can choose an r2 < r1
such that
I∂Br(p) ≤ 0
for any 0 < r < r2. 
In order to estimate the interior term, we need to study the eigenvalue problem of Laplacian
operator acting on symmetric 2-tensors:
µ(Ω, g¯) = inf
{∫
Ω
|∇h|2dvolg¯∫
Ω
|h|2dvolg¯
: h 6≡ 0 and hT∂Ω = 0
}
We recall the following estimate on this type of eigenvalue.
Lemma 2.10. ([14, Lemma 3.7]) Suppose (Mn, g¯) is a Riemannian manifold with n ≥ 3
and that Br(p) is a geodesic ball of radius r centered at any p ∈M . Then, there are positive
constants r0 and c0 such that
(2.14) µ(Br(p), g¯) ≥
c0
r2
for all 0 < r < r0.
From this, we have
Lemma 2.11. There exists a constant r3 < r1 such that for any 0 < r < r3,
IBr(p) ≤ −
1
4
(
inf
Br(p)
f
)
||h||2W 1,2(Br(p),g¯).(2.15)
Proof. Since
|Rg¯(h, h)| =
∣∣∣∣〈Rmg¯ · h, h〉+ 2(trh)Ricg¯ · h− 2Rg¯n− 1(trh)2
∣∣∣∣ ≤ Λ|h|2,
where Λ = Λ(n, g¯, |Rmg¯|, Br(p)) is a constant.
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Thus,
IBr(p) =−
1
2
∫
Br(p)
[(
|∇h|2 + |d(trh)|2 − 2Rg¯(h, h)
)
f +
n+ 3
n− 1
(trh)2κ
]
dvg¯
≤−
1
2
∫
Br(p)
[(
|∇h|2 − 2|Rg¯(h, h)|
)
f − 3n|κ||h|2
]
dvg¯
≤−
1
2
∫
Br(p)
[(
inf
Br(p)
f
)
|∇h|2 −
(
2Λ
(
sup
Br(p)
f
)
+ 3n|κ|
)
|h|2
]
dvg¯
=−
1
4
∫
Br(p)
[(
inf
Br(p)
f
)
|∇h|2 −
(
4Λ
(
sup
Br(p)
f
)
+
(
inf
Br(p)
f
)
+ 6n|κ|
)
|h|2
]
dvg¯
−
1
4
(
inf
Br(p)
f
)∫
Br(p)
[|∇h|2 + |h|2]dvg¯
=−
1
4
(
inf
Br(p)
f
)
||h||2W 1,2(Br(p),g¯) −
1
4
(
inf
Br(p)
f
)∫
Br(p)
[|∇h|2 − µ0|h|
2]dvg¯,
where
µ0 :=
4Λ
(
supBr(p) f
)
+
(
infBr(p) f
)
+ 6n|κ|
infBr(p) f
> 0.
Since f(p) > 0, by Lemma 2.10, we can choose r3 < r1 sufficiently small such that for any
0 < r < r3, ∫
Br(p)
|∇h|2dvg¯ ≥ µ0
∫
Br(p)
|h|2dvg¯.
Hence we have
IBr(p) ≤ −
1
4
(
inf
Br(p)
f
)
||h||2W 1,2(Br(p),g¯)
for any 0 < r < r3. 
Now we take r0 := min{r2, r3} and consider all geodesic ball Br(p) with 0 < r < r0.
Proposition 2.12. Suppose Rg ≥ Rg¯ on Br(p) and Hg ≥ Hg¯ on ∂Br(p). Moreover, assume
κ(V olΩ(g)− V olΩ(g¯)) ≤ 0,
then the metric g is isometric to g¯.
Proof. By assumptions, we have
FBr(p),g¯[ϕ
∗g] ≥ FBr(p),g¯[g¯].
From Proposition 2.4,
DFBr(p),g¯ · h = 0.
Thus the inequality passes to the second order:
D2FBr(p),g¯ · (h, h) ≥ 0.
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On the other hand,
D2FBr(p),g¯ · (h, h) = IBr(p) + I∂Br(p) ≤ −
1
4
(
inf
Br(p)
f
)
||h||2W 1,2(Br(p),g¯)
by Lemmas 2.9 and 2.11.
Therefore
||h||2W 1,2(Br(p),g¯) = 0,
which implies h = ϕ∗g − g¯ ≡ 0 on Br(p). Hence ϕ
∗g = g¯. i.e. ϕ : Br(p) → Br(p) is an
isometry. 
We finish this section by giving the proof of our main theorem:
Theorem A. Suppose (Mn, g¯, f, κ) is a V -static space with n ≥ 3. For any p ∈ M with
f(p) > 0, there exist constants r0 > 0 and ε0 > 0 such that for any geodesic ball Br(p) ⊂M
with radius 0 < r < r0 and metric g on Br(p) satisfies
• R(g) ≥ R(g¯) in Br(p);
• H(g) ≥ H(g¯) on ∂Br(p);
• g and g¯ induce the same metrics on ∂Br(p);
• ||g − g¯||C2(Br(p),g¯) < ε0,
the following volume comparison hold:
• if κ < 0, then
V olΩ(g) ≤ V olΩ(g¯);
• if κ > 0, then
V olΩ(g) ≥ V olΩ(g¯);
with equality holds in either case if and only if the metric g is isometric to g¯.
Proof. Suppose the volume comparison is not true, then
κ(V olΩ(g)− V olΩ(g¯)) < 0.
This would imply the metric g is isometric to g¯ by Proposition 2.12 and hence
V olΩ(g) = V olΩ(g¯).
But this is a contradiction. Therefore the volume comparison holds.
Applying Proposition 2.12 again with
V olΩ(g) = V olΩ(g¯),
we conclude the metric g has to be isometric to g¯. 
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3. Volume comparison for Einstein manifolds
By taking the function f ≡ 1 in the V -static equation (1.1), we get
γ∗g¯1 = −Ricg¯ = κg¯.
This means, (1, κ) is a solution to V -static equation (1.1) if and only if the metric g¯ is an
Einstein metric with (−κ) as its Einstein constant.
From this simple observation, we will investigate the volume comparison with respect to
a closed Einstein manifold (M, g¯). By a closed manifold here, we mean a compact manifold
without boundary.
For a Einstein manifold with
Ricg¯ = (n− 1)λg¯,
its Riemann curvature tensor is given by
Rijkl = Wijkl + λ(g¯ilg¯jk − g¯ikg¯jl).
Thus, we have
Rg¯(h, h) =〈Rmg¯ · h, h〉+ 2(trh)Ricg¯ · h−
2Rg¯
n− 1
(trh)2(3.1)
=〈W · h, h〉 − λ(|h|2 + (trh)2).
Similar to the situation of a generic V -static domain, we consider the functional
FM,g¯[g] =
∫
M
R(g)dvg¯ + 2(n− 1)λV olM(g).(3.2)
By Proposition 2.4 or a simple calculation, we have
Proposition 3.1. The metric g¯ is a critical point of the functional FM,g¯[g].
Proof. For any h ∈ S2(M),
DFM,g¯ · h =
∫
M
(DRg¯ · h)dvg¯ + 2(n− 1)λ (DV olg¯ · h)
=
∫
M
(−∆(trh) + δ2h− Ricg¯ · h)dvg¯ + (n− 1)λ
∫
M
(trh)dvg¯
= −
∫
M
〈h,Ricg¯ − (n− 1)λg¯〉dvg¯
= 0.

In the rest part of this section, we will consider a metric g on M sufficiently C2-closed to
the Einstein metric g¯. Like what we did for generic V -static metrics, we need to fix the gauge
when considering such a deformation problem. Applying Lemma 2.5 on closed manifolds or
simply Ebin’s Slice Theorem(cf. [8]), we can find a diffeomorphism ϕ : M → M such that
h := ϕ∗g − g¯ satisfies
δg¯h = 0.
17
Now the volume comparison can be obtained if we have some informations on the first
order expansion of scalar curvature:
Proposition 3.2. Suppose Rg ≥ Rg¯ and γg¯h 6≡ 0 on M , then following conclusions hold:
• If λ > 0, then
V olM(g) < V olM(g¯);
• If λ < 0, then
V olM(g) > V olM(g¯).
Proof. By the assumption Rg ≥ Rg¯,
Rϕ∗g = Rg ◦ ϕ ≥ Rg¯
on M . Thus DRg¯ · h = γg¯h ≥ 0. Since it is not vanishing identically, we have∫
M
(γg¯h)dvg¯ > 0.
On the other hand, by Proposition 3.1, g¯ is a critical point of FM,g¯[g]. Then
2(n− 1)λ (DV olM,g¯ · h) = −
∫
M
(γg¯h)dvg¯ < 0.
Therefore,
V olM(g) = V olM(ϕ
∗g) = V olM(g¯) +DV olM,g¯ · (ξh) < V olM(g¯),
for some ξ ∈ (0, 1), if λ > 0. Similarly,
V olM(g) > V olM(g¯),
if λ < 0. 
Now we consider the case when lacking of the first order information. First, recalling the
following classic eigenvalue estimate for Laplacian operator acting on functions (cf. Theorem
9 on P.82 in [6] ):
Lemma 3.3 (Lichnerowicz-Obata’s eigenvalue estimate). Suppose λ > 0, then for any u ∈
C∞(M) with ∫
M
udvg¯ = 0,
we have ∫
M
|du|2dvg¯ ≥ nλ
∫
M
u2dvg¯.(3.3)
From this, we can get
Lemma 3.4. Suppose λ 6= 0 and γg¯h ≡ 0, then
trh = 0
on M .
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Proof. Since δh = 0,
γg¯h = −∆(trh)− Ric · h = −∆(trh)− (n− 1)λ(trh) = 0.
Then
0 =
∫
M
[
−(trh)∆(trh)− (n− 1)λ(trh)2
]
dvg¯
=
∫
M
[
|d(trh)|2 − (n− 1)λ(trh)2
]
dvg¯.
Thus, trh vanishes identically on M , if λ < 0. Otherwise, we have λ > 0 and∫
M
(trh)dvg¯ = −
1
(n− 1)λ
∫
M
∆(trh)dvg¯ = 0.
Hence
0 =
∫
M
[
|dtrh|2 − (n− 1)λ(trh)2
]
dvg¯ ≥ λ
∫
M
(trh)2dvg¯,
by Lichnerowicz-Obata’s eigenvalue estimate (Lemma 3.3), which implies trh vanishes on
M . 
We can easily get the following volume comparison:
Proposition 3.5. Suppose λ 6= 0 and γg¯h ≡ 0 on M , then
V olM(g) ≤ V olM(g¯)
and equality holds if and only if the metric g is isometric to g¯.
Proof. By Lemmas 2.3 and 3.4,
DV olM,g¯ · h =
1
2
∫
M
(trh)dvg¯ = 0
and
D2V olM,g¯ · (h, h) =
1
4
∫
M
[
(trh)2 − 2|h|2
]
dvg¯ = −
1
2
∫
M
|
◦
h|2dvg¯ ≤ 0,
where
◦
h := h− 1
n
(trh)g¯ is the traceless part of the tensor h. Then
V olM(g) = V olM(ϕ
∗g)
= V olM(g¯) +DV olM,g¯ · h+D
2V olM,g¯ · (ξh, ξh)
= V olM(g¯) + ξ
2
(
D2V olM,g¯ · (h, h)
)
≤ V olM(g¯),
for some ξ ∈ (0, 1). Clearly, the equality holds if and only if
◦
h = 0, i.e. h = 0, since
trh = 0. 
Remark 3.6. Note that there is no assumption on the comparison of scalar curvature in this
proposition. i.e. we do not need to assume Rg ≥ Rg¯ on M .
Together with Proposition 3.2, we get
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Corollary 3.7. Suppose λ > 0, then
V olM(g) ≤ V olM(g¯)
and equality holds if and only if the metric g is isometric to g¯.
According to Proposition 3.5, it seems the volume comparison does not hold for the case
λ < 0 due to a different inequality given by Proposition 3.2. However, we will show that the
strict inequality in Proposition 3.5 does not occur in case λ < 0 provided we pose certain
restrictions on Weyl tensor. In order to justify this claim, we use the trick which involving
calculating the second variation of total scalar curvature with a fixed volume form:
Proposition 3.8. Suppose γg¯h ≡ 0 on M , then
∫
M
(
D2Rg¯ · (h, h)
)
dvg¯ = −
1
2
∫
M
(
|∇
◦
h|2 − 2〈W ·
◦
h,
◦
h〉 − 2(n− 2)λ|
◦
h|2
)
dvg¯.
Proof. By Lemma 2.6 and Proposition 3.4,
∫
M
(
D2Rg¯ · (h, h)
)
dvg¯ = −
1
2
∫
M
(
|∇
◦
h|2 − 2Rg¯(
◦
h,
◦
h) + 2κ|
◦
h|2
)
dvg¯
= −
1
2
∫
M
(
|∇
◦
h|2 − 2〈W ·
◦
h,
◦
h〉 − 2(n− 2)λ|
◦
h|2
)
dvg¯,
where we used the fact κ = −(n− 1)λ. 
Unlike the corresponding argument for generic V -static metric, Lemma 2.10 is not appli-
cable in this setting. We have to seek a different way to estimate the eigenvalue of Laplacian
operator acting on symmetric 2-tensors for (M, g¯).
Proposition 3.9. Suppose (M, g¯) is a closed Einstein manifold with
Ricg¯ = (n− 1)λg¯.
Then for any h ∈ S2(M) and θ ∈ R,
∫
M
|∇h|2dvg¯ ≥ −
2θ
1 + θ2
∫
M
(
|δh|2 + 〈W ·
◦
h,
◦
h〉
)
dvg¯ +
2nθλ
1 + θ2
∫
M
|
◦
h|2dvg¯.(3.4)
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Proof. We have
∫
M
∇αhβγ∇
βhαγdvg¯
=−
∫
M
∇β∇αh
β
γ h
αγdvg¯
=−
∫
M
(
∇α∇βh
β
γ +R
β
βαδh
δ
γ −R
δ
βαγh
β
δ
)
hαγdvg¯
=−
∫
M
(
−∇α(δh)γ +Rαδh
δ
γ −Rβαγδh
βδ
)
hαγdvg¯
=−
∫
M
[
−|δh|2 + ((n− 1)λg¯αδh
δ
γ −Wβαγδh
βδ − λ(g¯βδg¯αγ − g¯βγ g¯αδ)h
βδ)hαγ
]
dvg¯
=
∫
M
[
|δh|2 + 〈W · h, h〉+ λ((trh)2 − n|h|2)
]
dvg¯
=
∫
M
[
|δh|2 + 〈W ·
◦
h,
◦
h〉 − nλ|
◦
h|2
]
dvg¯.
Thus for any θ ∈ R,
0 ≤
∫
M
|∇αhβγ + θ∇βhαγ |
2dvg¯
=
∫
M
[
(1 + θ2)|∇h|2 + 2θ∇αhβγ∇
βhαγ
]
dvg¯
=
∫
M
[
(1 + θ2)|∇h|2 + 2θ(|δh|2 + 〈W ·
◦
h,
◦
h〉 − nλ|
◦
h|2)
]
dvg¯.
That is,
∫
M
|∇h|2dvg¯ ≥ −
2θ
1 + θ2
∫
M
(
|δh|2 + 〈W ·
◦
h,
◦
h〉
)
dvg¯ +
2nθλ
1 + θ2
∫
M
|
◦
h|2dvg¯.

From this estimate, we have
Proposition 3.10. Suppose λ < 0 and
||W ||L∞(M,g¯) < α(n, λ) := −(3n− 4)λ,
then there exists a constant η > 0 such that
∫
M
(
D2Rg¯ · (h, h)
)
dvg¯ ≤ −η
∫
M
|
◦
h|2dvg¯.
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Proof. From Propositions 3.8 and 3.9, we have∫
M
(
D2Rg¯ · (h, h)
)
dvg¯ =−
1
2
∫
M
(
|∇
◦
h|2 − 2〈W ·
◦
h,
◦
h〉 − 2(n− 2)λ|
◦
h|2
)
dvg¯
≤
1 + θ + θ2
1 + θ2
∫
M
〈W ·
◦
h,
◦
h〉dvg¯ +
[(n− 2)θ2 − nθ + (n− 2)]λ
1 + θ2
∫
M
|
◦
h|2dvg¯
≤
(
1 + θ + θ2
1 + θ2
||W ||L∞(M,g¯) +
[(n− 2)θ2 − nθ + (n− 2)]λ
1 + θ2
)∫
M
|
◦
h|2dvg¯.
Taking θ = −1,∫
M
(D2Rg¯ · (h, h))dvg¯ ≤
1
2
(||W ||L∞(M,g¯) + (3n− 4)λ)
∫
M
|
◦
h|2dvg¯
=−
1
2
(α(n, λ)− ||W ||L∞(M,g¯))
∫
M
|
◦
h|2dvg¯.
The conclusion follows if we take
η :=
1
2
(α(n, λ)− ||W ||L∞(M,g¯)) > 0.

Remark 3.11. It is well-known that on an Einstein manifold (M, g¯) with
Ricg¯ = (n− 1)λg¯,
its Weyl tensor satisfies the following equation:
∆W − 2(n− 1)λW − 2Q(W ) = 0,(3.5)
where Q(W ) := Bijkl − Bjikl +Bikjl − Bjkil is a quadratic combination of Weyl tensors and
Bijkl := g
pqgrsWpijrWqkls. Thus by applying the standard De Giorgi-Nash-Moser estimate
on this equation, we can replace the assumption on ||W ||L∞(M,g¯) by the corresponding one
on ||W ||
L
n
2 (M,g¯)
.
Proposition 3.12. Suppose λ < 0 and Rg ≥ Rg¯ on M . Moreover, assume γg¯h ≡ 0 and
||W ||L∞(M,g¯) < α(n, λ),
then the metric g is isometric to g¯.
Proof. By assumptions, ∫
M
Rϕ∗gdvg¯ ≥
∫
M
Rg¯dvg¯
and ∫
M
(DRg¯ · h)dvg¯ =
∫
M
(γg¯h)dvg¯ = 0.
Thus there is a constant ξ ∈ (0, 1) such that
1
2
∫
M
(
D2Rg¯ · (ξh, ξh)
)
dvg¯ =
∫
M
Rϕ∗gdvg¯ −
∫
M
Rg¯dvg¯ −
∫
M
(DRg¯ · h)dvg¯ ≥ 0
and hence ∫
M
(
D2Rg¯ · (h, h)
)
dvg¯ ≥ 0.
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On the other hand, by Proposition 3.10,∫
M
(
D2Rg¯ · (h, h)
)
dvg¯ ≤ −η
∫
M
|
◦
h|2dvg¯,
for a constant η > 0. This implies
◦
h = 0
on M . Together with Proposition 3.4, we have h vanishes identically on M , which means
ϕ∗g = g¯. i.e. ϕ : M →M is an isometry. 
Now we can prove the main theorem in this section:
Theorem B. Suppose (Mn, g¯) is a closed Einstein manifold satisfies
Ricg¯ = (n− 1)λg¯
with λ 6= 0. Moreover, if λ < 0, we assume its Weyl tensor satisfies
||W ||L∞(M,g¯) < α(n, λ) := −(3n− 4)λ.
Then there exists a constant ε0 > 0 such that for any metric g on M satisfies
Rg ≥ n(n− 1)λ
and
||g − g¯||C2(M,g¯) < ε0,
the following volume comparison hold:
• if λ > 0, then
V olM(g) ≤ V olM(g¯);
• if λ < 0, then
V olM(g) ≥ V olM(g¯);
with equality holds in either case if and only if the metric g is isometric to g¯.
Proof. For the case λ > 0, the conclusion follows from Corollary 3.7. Now we consider the
case λ < 0.
If γg¯h 6≡ 0 on M , then
V olM(g) > V olM(g¯)
by Proposition 3.2. Otherwise, we have γg¯h ≡ 0 on M . According to Proposition 3.12, we
get the metric g is isometric to g¯ and hence
V olM(g) = V olM(g¯).
On the other hand, this justifies that the equality can only be achieved when g is isometric
to the Einstein metric g¯. 
By taking Weyl tensor to be identically zero in Theorem B, we achieve volume comparison
for round spheres and hyperbolic manifolds:
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Corollary A. For n ≥ 3, let (Sn, gSn) be the unit round sphere. There exists a constant
ε0 > 0 such that for any metric g on S
n with
Rg ≥ n(n− 1)
and
||g − g¯||C2(Sn,gSn) < ε0,
we have
V olM(g) ≤ V olSn(gSn)
with equality holds if and only if the metric g is isometric to g¯.
Corollary B. For n ≥ 3, let (Mn, g¯) be a closed hyperbolic manifold. There exists a
constant ε0 > 0 such that for any metric g on M with
Rg ≥ Rg¯
and
||g − g¯||C2(M,g¯) < ε0,
we have
V olM(g) ≥ V olM(g¯)
with equality holds if and only if the metric g is isometric to g¯.
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